
IBI is the Lebesgue measure of the set B ,  and suppose that BM0(Q) is the dyadic space dual to H(Q), 
i.e., 

BMO(Q) { / E  L ( Q ) :  ]Q O, "'"BMO(O) sup (~"~1~--~1 ]2)1/9- } = = = < : ( X ~  , 

BEA(o") 

while VM0(Q) is the dyadic space dual  to H(Q) ,  i.e., 

VMO(Q) = f E BMO(Q) : Isl-+o~m IBI -- o . 

We define the '~aorm" of the bijection .T: A (2) -+ A (2) as follows: 

Iljrll~= sup ([Urlc-Bjr(II)[.) 1/2 

T h e o r e m  1. Suppose that j r :  A (2) --+ A (2) /s an arbitrary bijection, jr(Q) = Q. Then 

lIRa)--, IIBMo(Q)-~BMO(Q) > II-rl12- (1) 

Proof .  We take ~ > 0 and find an element B E 4 2) such that 

IUi,    (ml 
IBI > (11~'11~ - ~)~.  

Let us express the  set {jr(II) : H C_ B} as a sequence {Hk}k=i and define the function 

I = l I I l l l / 2 h H ~  + In,,t - ~ n U m, h~,,. 
- -  k = l  

Note that IbIIBMo(Q) -- 1. We have 

^2 _ -- n-ill 

IB[ IBI 
= I I jr(m, > ( l l j r b  - 

IBI 

Therefore, 

R (~) II~MO(O)-,sMO(O) > IIR~)-I~ilBMo(0) > Iljrll2 - ~ -  

Since 6 is arbitrary, the estimate (1) holds. The theorem is proved. [] 

For a given bijection jr :  A (2) --~ A (2) and each B E A (2) , let ST(B) be the set obtained by removing 
from {jr(II) : II _C B} any rectangle entirely contained in another rectangle from the same set. 

Def in i t ion  2. A bijection j r :  A (2) ~ A (2) , jr(Q) = Q, is called weo~ly overlapping if the intersection 
of any two elements from each set S~(B) does not contain other intersections of two elements from the 
same set. 

In particular, bijections ~': A (2) -+ A (2) for which each set S~(B) consists of pairwise nonoverlapping 
rectangles are weakly overlapping bijections. 
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The problem we study here is to find all graphs in a given class of chemical graphs that  admit an 
embeddin 9 in a hypercube Rid or a half-cube ~ , 1  d <_ oo. Namely, we are interested in whether it 
is possible to associate to each vertex of a graph a binary sequence of length d so tha t  the distance 
between any two vertices in the graph is equal either to the Hamming distance between the  corresponding 
sequences, or to half the Hamming distance (the scale must be the same for all distances, see [6]). A 
polynomial algorithm cher~ing the existence of such an embedding is presented in [7]. Approaches to the 
search for such embeddings are suggested in [6] and [8]. 

In mathematical terms, a graph is embeddable in a hypercube (with a given scale) i f f there  is an isometric 
embedding of the graph in the space l~. In mathematical chemi~ry, such embeddings were studied only 
for benzenoids [9]. Theorem 3 provides a wide extension of this result includlng all poly-6-cycles. It is 
explained in [9] why such embeddings are interesting for cheml.qts: they are convenient for computing 
parameters depending on the distances (the Wiener number, i.e., the sum of all pairwise distances in a 
graph, and so on), as well as for ranging purposes. 

A simply connected poly-6-cycle has two more names: a 3Cusene and a polyhex. Such a graph is also 
called a benzenoid or a helicene depending on whether it is a subgraph of the hexagonal partition (63) 
of the plane or not. By analogy, we call an r-helicene for r = 3, 4, 5, r >_ 7 a poly-r-cycle which 
is not a proper subgraph of the edge skeleton of the tetrahedron, the cube, the dodecahedron, or the 
partition of the Lobacheveki plane into r-gons with three edges meeting at each vertex, i.e., of the par- 
tition (r3), respectively. Each r-helicene admits a continuous locally homeomorphic cellular mapping 
into (see [1]). 

We call a poly-r-cycle proper if it is not an r-helicene, i.e., if it is a proper subgraph of the regular 
partition (r  3) of the sphere for r = 3, 4, 5, of the Euclidean plane for r -- 6, and of the  Lobachevski plane 
for r _> 7. All improper poly- r-cycle are r-helicenes. A proper poly- r-cTcles can be an  isometric subgraph 
of the partit ion (r 3) or not. In the first case such graph is embeddable; in the second case both  possibilities 
are re~|iv~d. For example, there are precisely 1 + 1 + 3 + 7 + 23 poly-6-cycles wi th  P6 ---- 1, 2, 3, 4, 5. 
All of them are proper, the first helicene arises for P6 ---- 6. Precisely 8 of these 35 poly-6-cycles are not 
isometric to a subgraph in (63): the one in Fig. 2a, six of its extensions in the edges c, f ,  g, h or in the 
pairs of edges (a, b), (d, e),  and the one in Fig. 2b. Note that  all finitely embeddable poly-r-cycles are 

1 embeddable in Hd/2 if r is odd, and in ~Hd if r is even (here if there are no closed doma~n.q bounded 
by inner edges, d is the perimeter of the covered domain, i.e., the length of the bounda ry  of the external 
face). 

FIG. 2. 

c de 

f 

a b 

All pairwise nonisomorphic subgraphs of(63) with P8 _< 5 

Before starting the proof, let us introduce the required tools and notions. The notat ion G -~ Ha,  
G -~ � 8 9  G -~ Zd, G -~ �89 d _< co, means that the graph G endowed with the scale ~ = 1 or ~ = 2 
is embeddable in the cube 4 ,  or (ff the graph is infinite) in the cubical lattice 7.d; the  coefficient �89 
mean.q tha t  the embedding doubles all distances between the vertices. Further, G - e, G - v denotes the 
graph obtained from G by erasing an edge or a vertex; P~, PN, Pz denotes an edge p a t h  whose vertices 
are either {1, 2, . . .  ,n} ,  or N (positive integers), or 7. (all integers) respectively; G • G' is the direct 
(Cartesian) product of the graphs G and G'; a3, f13,73, Do and Ico denote respectively the  tetrahedron, 
the octahedron, the cube, the dodecahedron, and the icosahedron (and their 1-skeletons if we speak about 
graphs). 

An important  necessary condition of the embeddability of a graph is its 5-gonality [10]: for any ave 
vertices x,  y, a, b, c of the graph the 5-gon~ ine~ali~] 

p=, -t- (Pab + Pac + Pbc) <-- (P=a -t" Pxb + P=c) + (P~ + P~b + P~e) (,) 
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must be satisfied. In all examples for which we prove that a graph is not embeddable, we point out five 
vertices contradicting this requirement. In the figures, vertices a, b, c are marked by circles, and vertices 
x, y are marked by squares. 

a b 

FIG. 3. Forbidden isometric subgraphs of embeddable 
mono-3- and mono-4-fusenes. 

The  class of graphs we study here is, in a sense, opposite to the class of planar graphs with valencies 
of all internal vertices greater than 3 and not containing triangles: such graphs are embeddable, as it 
is proved in [11]. Note tha t  a graph consisting of the triangle, an m-gon, and an n-gon meeting at a 
vertex of valency 3 is embeddable iff both m and n are odd, see [12]; Figure 3a illustrates verticies 
violating 5-gonal inequality ( , )  for m = n -- 6. 

1 FIG. 4. FuUerene F26 -+ 5H12. The central subgraph r l ,1  
is neither 5-gonal, nor isometric 

The uniform partitions (6 3) --~ Z3, (4.8 2) -+ Z4, (4.6.12) -+ Z6, the non 5-gonal partition (3.12 2) 
of the Euclidean plane, as well as the unlform partitions (r 3) -+ Zoo for r even and (r 3) -+ 1Zoo for r 
odd provide examples of simply connected polygonal systems. Of course, the following polyhedra taken 

1 1 without one face also satisfy the definition: ~a --~ ~H4, ~/3 -~ H3, Do -+ ~H10, the truncated octahedron 
is embeddable in ~ ,  as well as the non 5-gonal truncated polyhedra ~3, "Y3, Do and Ico. Figure 4 
shows, as an example, the graph of the fullerene F(26) (a polyhedron with vertices of valency 3 having 12 
five-gonal and 3 six-gonal faces) embeddable in 1H12 . This example also is interesting from the following 
points of view: it has nonalternated zones (see the definition before Theorem 2), and the non 5-gonal 
subgraph I~l,1 -- C14H8 introduced in Remark 4 (ii) and shown in Fig. 5b is here a nonisometric subgraph 
of the embeddable fullerene shown in Fig. 4. 

a b c 

FIG. 5. Forbidden isometric subgraphs ofembeddable 
di-5-fusenes 

Similarly to the case of polygons, the main parameter describing plane graphs under consideration is the 
p-vector p -- (T3,P4, . . .  ),  where Pi is the number of combinatorial /-cycles, i.e., the number of i-gons 
among the  internal faces. 

In the  present paper, we study the following nine cases: 

1) poly-3-cycles: P3 is arbitrary, all other Pi -- 0; 
2) poly-4-cycles: P4 is arbitrary, all other p~ -- 0; 
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3) poly-5-cycles: they are introduced in [2]; 
4) P3 = P 4  = 0 , / ) 5  -< 1, all other i0/ are arbitrary; 
5) mono-3-6-cycles: p = (P3 = 1, io6); 
6) biphenylenoids: p =  (/)4 = 1, p~); 
7) di-3-6-cycles: p =  (/~ = 2, i06); 
8) terphenylenoids: p =  (/)4 = 2, p6); 
9) indancenoids: p = (P5 = 2, P6). 

Theorem 1 gives a complete description of cases 1) and 2). Theorem 2 presents the list of all forbidden 
isometric subgraphs of an embeddable poly-5-cycle, i.e., it covers case 3). Theorem 3 guarantees the  
embeddability for a wide class of chemical graphs relating to case 4). This case includes, for example, 
poly-6-cycles and azulenoids p = (/)5 = 1, PT). The embeddability of benzenoids, i.e., fusenes that are 
isometric subgraphs in (63) in hypercubes was proved in [9]. Theorem 4 describes all embeddable mono- 
q-fusenes (q = 3, 4, 5), i.e., cases 5) and 6), as well as embeddable di-3-fusenes, i.e., case 7). Theorem 5 
formulates some necessary embeddability conditions for di-q-fusenes with q = 4, 5, or, to be more precise, 
it contains the  list of forbidden isometric subgraphs in cases 8) and 9) (there are ~nfinltely many of 
them). We conjecture that the  assumptions of Theorem 5 are not only necessary, but also suflqcient for 
embeddability of terphenylenoids and indancenoids. Finally, Theorem 6 presents the  list of all monohedral 
polypentagons. 

All planar graphs without internal vertices (i.e., catacondensed graphs) are embeddable (see [6, Propo- 
sition 3]). Moreover, the characterization of embeddable poly-5-cycles and di-5-fusenes by means of 
forbidden subgraphs shows tha t  any such graph having precisely one internal vertex is embeddable. Each 
poly-5-cycle with pairwise isolated internal vertices (i.e., no two internal vertices can be connected by an 
edge path consisting only of internal points) is embeddable; if the number of isolated internal vertices is 

17. (see the infinite graph in Fig. 6a). On the other hand, infinite, then such graph is embeddable in 2 co 
there are nonembeddable di-3-fusenes (i.e., di-3-6-cycles) with a single internal vertex (see Fig. 6b). 

a b 

FIG. 6. Examples of pericondeused graphs: a) -+ Zoo ; 
b) non 5-gonal 

Proving the embeddability of graphs below, we make use of the sufficient embeddability conditions for 
a planar graph given in [6, Proposition 2]. Namely, suppose that the set of edges of a graph splits into 
zones (sequences of opposite edges of faces alternating directions in the case of odd faces) so that each 
zone corresponds to the dimension of the cube in which the graph is embedded. Zones mark the edges 
(by one or two dimensions depending on whether the graph is embeddable or not). Then, picking one 
of the vertices for the origin, we can mark all the other vertices by the symmetric differences of marked 
edges on a shortest path starting at the origin. Since the domain filled by internal faces of the graph is 
simply connected, this marking is independent of the choice of the path connecting the vertex with the  
chosen origin. Such mapping will be symmetric if the cut corresponding to any alternating zone is convex 

[6]). 
T h e o r e m  1. (i) Here is the list of all poly-3-cycles: a3, (a3 - e )  -+ �89 (the nonisometric subgraph 

of the tetrahedron az ), (az - v) = az . 
(ii) Here is the list o.f all poly-4-cyctes: 73, ( 7 3 -  e) (this graph is not 5-gonal), ( 7 3 -  v) --+ H3, 

(P2 x P , )  --," H,,., (P9 x PN) -," Z2, (P2 x Pz) -'+ Z2. Subgmphs of the cube: 73, (7:! - v), (P2 x Pn) for  
n = 2, 3, 4; in this list the following graphs are isometric: 7z, (73 - v), (P2 x P2) = 72, (P2 x P3). 

The proof is a direct verification. 
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R e m a r k  1. There axe 1 + 1 + 2 + 4 + 7 + 18 poly-5-cycles with P5 = 1, 2, 3, 4, 5, 6. The following 
classes of these 33 poly-5-gons are useful. 

(i) One graph with P5 = 5 and seven graphs with P5 = 6 are 5-helicenes (i.e., polypentagons that  are 
not subgraphs of the dodecahedron); these are the graph in Fig. 7a, four of its extensions in the edges e, f 
or in the pairs of edges (a, b), (c, d); three others axe shown in Fig. 7b, 7c, 7d (all of t hem are embeddable). 

$ 
a b c d 

FIO. 7. 5-helicenes with P5 _< 6 

(ii) Precisely five of these 33 graphs axe isometric subgraphs of the dodecahedron: G i ,  the edge skeleton 
of the single 5-gon (i.e., the cycle C5), G2, the edge skeleton of two 5-gons attached by an edge, G3, 
the edge skeleton of three 5-gons of the dodecahedron meeting at a vertex, G4, the  edge skeleton of 
four 5-gons of the dodecahedron incident to an edge of the dodecahedron, G5, the edge skeleton of six 5- 
gons of the  dodecahedron with five of them incident to the sixth one. In other words, a subgraph of the 
dodecahedron is isometric iff it contains no boundary edge incident to three 5-gons. Moreover, these five 
graphs axe all nontrivial isometric subgraphs of the dodecahedron; of course, all of them are embeddable. 

(iii) This list of 33 graphs contaln~ precisely two nonembeddable graphs (non 5-gonal configurations 
are shown in Fig. 8). 

FIG. 8. Forbidden subgraphs of embeddable poly-5-cycles 

(iv) All poly-5-cycles that are subgraphs of the dodecahedron are listed in [2, Figs. 3-5]. 
There axe precisely four embeddable subgraphs of the dodecahedron among the  remaining fourteen 

1 1 (satisfying T < Ps) [2, Fig. 5]: the three nonisometric subgraphs C2oH8 -+ ~HtT, C'20Hs --~ ~l~i~, 
1 CI9H~ -+ ~Ht5, see Fig. 9, and the edge skeleton of Do itself. 

FIG. 9. All embeddable nonisometric subgraphs of the 
dodecahedron with P5 > 7 

(v) The  edge skeleton of Do has two special subgraphs (that are nonisometric and nonembeddeble): 
Do - v  E Do - e  C Do, and this inclusion is the only possible extension of these subgraphs; the graph itself 
is not a subgraph of any other polycycle. 

1 is given by the infinite strongly R e m a r k  2. (i) An example ofa polyo5-cycle embeddable only in ~Zoo 
connected chain of 5-gons, which is the universal covering of the finite closed chain of 5-gons consisting 
of five 5-gons surrounding a 5-gon; this graph, as well as the graph shown in Fig. 6a, contains a tree with 
an infinite number of edges. 

(ii) Any simply connected poly-5-cycle containing not more than one vertex of valency 2 is infinite. 
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iii) I f a  poly-r-cycle with r _> 6 has not more than r - 1 vertices of valency 2, then  it is in6nite. For 
r = 3 ,4 ,5  each of the finite-r-cycles aa - e , %  - e, D o - e  has two vertices of valency 2, and each of 
C~a - v, % - v, Do - v  as three vertices of valency 2. For r _> 5 there are infinite poly- r-cycles having an 
arbitrary number of vertices of valency 2. 

Below we shall also need the following two definitions. 
We denote the polypentagon, i.e., the poly- 5-cycle corresponding to a graph G, by I I (G) .  (Essentially, 

II(G) is the  face partition of the disk with the edge skeleton G. It turns out (see [1, 13] and [14]) that  
the abstract structure of a polypentagon II(G) is uniquely determined by the abstract structure of the 
graph G. Therefore, we often use the term polycycle for the graph G itself.) Connect a pentagon in II(G) 
with any other pentagon in this polypentagon by a sequence of pentagons such that  our pentagons are the 
first and the  last one in the sequence, and any two successive pentagons in the sequence have a common 
edge. The k-neighborhood of a given pentagon is the union of all pentagons from I I (G)  arlmitting a chain 
of pentagons of length not greater than k + 1 connecting it with the given one. Then the  0-neighborhood 
of a pentagon consists of itself, the 1-neighborhood includes the pentagon itself and those pentagons 
that have a common edge with it, the 2-neighborhood consists of the pentagon iteslf, its neighbors, and 
neighbors of its neighbors. In particular, the 1-neighborhood of a pentagon in II(G) having precisely five 
neighbors is II(Gs) (see Remark l(ii) ). 

Each edge of a plane n-gon has one opposite edge if n is even, and it has two opposite edges (the left 
and the right one) if n is odd. A zone of a partition of the plane is a sequence of edges (possibly closed) 
such that each edge in this sequence is opposite to the previous one. A zone is called alternating ff the 
corresponding choices of the left and of the right opposite edges alternate. 

T h e o r e m  2. A poly-5-cycle G not coinciding with Do is embeddable in � 8 9  (where d is the perimeter) 
iff it does not contain subgraphs shown in Fig. 8 (not always isometric). 

We prove the nonembeddability of the graphs in Fig. 8 by picldng 5 vertices in each of them violating the 
5-gonal inequality. Any isometric subgraph, but not each nonisometric subgraph, violates this inequality. 
In the last case the 5-gonal inequality can be violated by another choice of the five vertices, different from 
that shown in Fig. 8. 

P r o o f  o f  T h e o r e m  2. The graph G5 introduced in Remark l(ii) satisfies the assumptions of Theo- 
rem 2; it is embeddable in 1 ~H10. 

Now suppose G r G5, but there is a pentagon in the polypentagon II(G) with 1-neighborhood of the 
form II (Gs) .  Then the following seven possibilities for the 2-neighborhood of this pentagon can occur 
(each of them contain.q a subgraph from Fig. 8): II(Do -vx - v2 - vs), II(Do -vx - v~), II(Do - v  - e), 
I I ( D o - e l  - e2), I I ( D o - v ) ,  I I ( D o - e ) ,  II(Do). The last three possible 2-neighborhoods arise only 
in the three nonserial polypentagons I I ( D o - v ) ,  I I ( D o - e ) ,  II(Do); only the polypentagon II(Do) is 
embeddable. A pentagon with the 1-neighborhood II(G5) in any other polypenthagon II(G) can have 
the 2-neighborhood only of one of the other four types. However, all the corresponding 5-graphs are 
non 5-gonal, and, therefore, they are not embeddable. Let us prove that each of t hem is isometric. 
The 2-neighborhood contains not more than three neighbors of the second order. The nllmber of neighbors 
of the third order can be either one or two. Extending the 2-neighborhood to the  3-neighborhood we 
easily verify that  the edge graph of the 2-neighborhood is an isometric subgraph of the  edge graph of the 
3-neighborhood. This follows from the fact that some neighbors of the second order of the surrounded 
pentagon are eliminated and from the simple connectedness of H(G).  Moreover, the  same argllmnet 
implies that  the edge graph of the 2-neighborhood is an isometric subgraph of the  whole graph G. 
Therefore, any graph G r G5 satisfying the condition G5 C G ~ Do is nonembeddable. 

Let us show that, under the assumptions of Theorem 2, an alternating zone cannot be  closed. Indeed, 
suppose the converse: a polypentagon II(G) admits a closed alternating edge zone. Then  it encloses a 
subgraph G3 in II(G) consisting of three pentagons meeting at a common vertex (see Remark l(ii) ). Each 
of them has a 1-neighborhood of the form II(G5). Such polypentagon is one of the three,  Do - v ,  D o - c ,  
or Do, and each of them contains subgraphs from Fig. 8 that do not satisfy the ass-mptions of Theorem 2. 

Now let us show that, under the assumptions of Theorem 2, any cut alternating all edges of a zone 
in H(G) is convex. 
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Let k be the number  of  pentagons of an al ternating zone. If k > 5, then a pentagon adjacent to 
the  zone (if there is one) m u s t  be adjacent to  one of the extreme pentagons (left or right, since the zone 
is not closed): otherwise t he r e  would be a forbidden subgraph from Fig. 8a (the absence of a forbidden 
graph from Fig. 8a implies t h a t  far from the ends of the zone the boundary of the zone coincides with the 
boundary of the polycycle I I ( G )  ; this s ta tement  is applicable to both ends). A pentagon adjacent to an 
end pentagon can occupy one  of the three not  forbidden positions, where it can be adjacent to three, two, 
or one pentagon of the zone (in the last case the  adjacency is not through an edge, since othe~wlse we 
would obtain a zone of l eng th  k + 1). 

If k >_ 6, then all three  possibilities can be realized, and even simultaneously, at each end of the zone: 
see Fig. 10a for k = 6 and  Fig. 10b for k = 7. 

a b 

FIG. 10. Zones of length k = 6 and k = 7 with all 
possible neighboring pentagons 

If k is even, then b o t h  banks  of a zone have the  same length. If there is a pentagon adjacent to 
the  zone through three edges (for k even there  is only one such pentagon for each bank of the zone), 
then substituting the three  edges with the  o ther  two edges of the pentagon we decrease the  length of 
the  polygonal line, which is t he  boundary between the bank and the adjacent pentagon, by 1. Since 
closely to the middle of t h e  zone both ends of its boundary belong to the boundary of I I (G)  and the 
polypentagon H(G) is s imply  connected, the  ends of a bank of the zone cannot be connected by a shorter 
path. Therefore, if there is a pentagon adjacent to  thezone  through three edges, then the  distance between 
the ends of the zone is less t h a n  the length of the  b , n k  of the zone by one. The argument above implies 
that ,  for k even, one of t he  th ree  following si tuations can occur: 

a) both  banks of a zone are geodesic; 
b) one of the bank~ is geodesic, and the  o ther  one is not, and the shortest pa th  between the ends of 

this second b ,  nlr is shor ter  than its length and is contained in the corresponding half (determined 
by the cut); 

c) both  b~nkq are not  geodesic; the shortest  distance between the ends of one bank equals the shortest 
distance between t he  ends of the second bank (since it is 1 less than the  lenght of the b~nk, and 
the lengths of the  two b ,  nk.q are equal), and  each shortest path belongs to its own half (determined 
by the cut). 

In all three cases the  cu t  of  the  graph under  consideration along the edges of the zone is convex. 
If k is odd, then one b a n k  of  a zone always is geodesic, and its length is 1 less than  tha t  of the other 

bank, which, in its own tu rn ,  can be 

a) geodesic; 
b) not geodesic and such  tha t  length of the  shortest path  between its ends is 1 less than  that  of the 

banlr and this p a t h  is contained in the  corresponding half; 
c) not geodesic and such  tha t  the length of the  shortest path  between its ends is 1 or 2 less than 

that  of the banlr (the second possibility is realized if there are two pentagons adjacent to the zone 
through three edges of  this bank), and  this  pa th  is contained in the corresponding half. 

In this case the cut is also convex. Indeed, even in case c) if we add two edges to the  shortest path 
between the ends of the  b~.n~r in order to move the  cut  into another half, then we obtain a pa th  of length 
equal to that  of the banlr B u t  the  length of the  second b~.nk (the geodesic one) is 1 less than  that  of this 
new path. Hence, it is impossible  to move the  ends into the other half so as to obtain a smaller distance 
between them. 
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We proceed similarly in the  cases 1 < k < 5. Here, for example, only one pentagon adjacent to a zone 
through three edges is allowed because of the prohibition from Fig. 8b. Thus, it is sufficient to study two 
cases: there is one pentagon adjoining the zone through three edges, or there are no such pentagons. All 
other adjacencies are admi~ible ,  and even simultaneously. In each case the cut along the edges of a zone 
is convem For k = 4 only one pentagon adjoining the zone through three edges is ar tm~ible,  and if there 
is one, then only one of the  adjacencies adjoining it is admissible. All other adjacencies are admi.~ible. 
Similar reasoning works for the  remaining cases k = 3, 2, 1. 

Hence, two zones adjoin each edge of the pentagon. Each cut is convex. We associate with each zone a 
coordiante axis. As a result, we obtain a mapping of the polypentagon to the hypercube with scale ~ = 2. 
Theorem 2 is proved. [] 

T h e o r e m  3. A simply connected chemical graph without triangles, without quadrangles, and with at 
most one pentagon is embeddable. In particular, for  r > 6 all poly-r -cycles are embeddable. 

The proof of Theorem 3 is based on the approach of [6], namely, it is easy to verify that  all cuts in a 
graph satisfying the assllmptions of Theorem 3 are convex. 

T h e o r e m  4. (i) A mono-3-fusene (one triangle and many hexagons) is embeddable (in i ~Ha , where d 
is the perimeter) iff the valency of one of the verkices of the triangle is 2. In other words, these graphs 
are embeddable iff they do not contain the isometric subgraph from Fig. 3a. 

(ii) A di-3-3Cusene (two triangles and many 6-gons) /s embeddable iff each of the two triangles has a 
vertex of valency 2. 

(fii) All mono-5-fusenes (fluorenoids) are embeddable (because of Theorem 3). 
(iv) A mono-4-3Cusene (biphenyIenoid) is embeddable iff it does not contain the isometric subgraph pre- 

sented in Fig. 3b. 

P r o o f  of  T h e o r e m  4. In  cases (i), (ii), if there is a triangle with valency of each vertex equal to 3, 
then this graph contains the  forbidden subgraph shown in Fig. 3a, and, therefore, cannot be embeddable. 
If a triangle has a vertex of valency 2, then, erasing any such triangle, we obtain a subgraph satisfying 
the assumptions of Theorem 3 and hence embeddable.  The recovery of the erased triangle cannot destroy 
the embeddability. 

We emphasize that the two hexagons non incident to the quadrangle (Fig. 3b) are incident to two 
opposite leaves from the vertices of the quadrangle. 

In case (iv), if there is a nonconvex zone, then  such a zone contain.~ only hexagons, and the shortest 
path between the two ends of its bank pass through another half of the graph, not adjacent to the'given 
bank. Make the path closed by adding the edges of the bank to it. The path thus obtained encloses 
the quadrangle. Without loss of generality, we can suppose that  the zone touches the quadrangle, since 
otherwise the bank of the zone would be the shortest path. Hence, the quadrangle adjoins the bank of the 
zone, and there are two more hexagons adjacent to the quadrangle; this means tha t  we have obtained the 
forbidden subgraph from Fig. 3b. Theorem 4 is proved. E] 

T h e o r e m  5. (i) A di-5-fusene (an indancenoid) is not embeddable if it contains forbidden isometric 
subgraphs Fs,~ depending on two parameters s, t E 1N (see Fig. 5a) and corresponding to the values s = 3 
t = 2, subgraphs from Fig. 5b corresponding to the values s = t = 1, and the forbidden isometric 
subgraph Du depending on one parameter u E IN. (see Fig. 5c) corresponding to the value u = 3. 

(ii) A di-4-fusene ( terphenylenoid) is not embeddable if it contains forbidden isometric subgraphs F~,~ 
(Fig. l l a  corresponding to the values s = 3 and t ----- 2, Fig. l l b  corresponding to the values s = t = 1), 
D~ (Fig. l l c  corresponding to the value u = 4, Fig. l l d  corresponding to the value u -- 1), and the 
subgraph shown in Fig. 3b. 

The assumptions of Theorem 5 are obviously necessary since all forbidden graphs from the statement 
of the theorem are not 5-gonal (five vertices violating the 5-gonal inequality are shown in each figure). 

We conjecture that these assumptions are also s11fl~cient for the embeddability of a di-4-fusene (ter- 
phenylenoid) and of a di-5-fusene (indancenoid). 

R e m a r k  3. It would be interesting to characterize plane fuUerenes i.e., partitions of the plane into 
combinatorial pentagons and hexagons such tha t  the valency of each vertex is three. It is clear that 
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a b c d 

FIG. 11. Forbidden isometric subgraphs of embeddable 
di- 4-fusenes 

the nnmber of hexagons in such partition is in~nite, and for P5 = 0 or P5 = 1 pentagons there is only 
one such plane fullerene, while there are infinitely many plane fullerenes with Ps = 2 (see Fig. 51. We 
are also interested in a description of disk partitions into hexagons and not more than 6 pentagons 
admitting an extension by hexagons to a partition of the whole plane (with all vertices of valency 3/. For 
example, polypentagons H(Do) ,  I I ( D o - e ) ,  I I ( D o - v ) ,  as well as helicenes do not admit such extension. 
The A. D. Aleksandrov Theorem [15] implies that a plane fullerene with ps pentagons exists iff p5 ~ 6. 
Similarly, a partition of the plane into triangles (quadrangles) and hexagons with vertices of valency 3 
exists iff Ps -< 2 (resp., P4 -< 31. This follows from the fact that each such partition corresponds to 
the isometric two-dimensional polyhedron composed of regular Euclidean polygons. The curvature of a 
polyhedron with this metric is nonnegative (it is strongly positive only in some vertices of the polyhedron). 
By the Aleksandrov theorem, such polyhedron can be embedded in the 3-space as a convex surface. The 
total curvature of a convex surface homeomorphic to the plane is not greater than 27r. The contribution 
of a k-gon in the curvature equals (6 - k)~r/3. For a surface consisting of 6- and k-gons, we have 
pk(6 - k)lr/3 <_ 21r, i.e., Pk _< 6/(6 - k). 

R e m a r k  4. (i) Only the  following molecular graphs from the list given in [16] are nonembeddable: 
No.43, Fig. 3.1, NoNo. 43, 44, 46, 48-50, 105-112, 132-136, 168-176, 194-201 (these examples contain a 
triangle with vertices of valency 3 shown in Fig. 3.2/. The handbook [16] does not contain even small 
forbidden indancenoids presented in Fig. 5. As an e~cample of embeddings of other molecules from [16], 

1 note that  the coranulene C20H10 --+ llI~lb, the decacylene Cs~HIs -+ ~H33 ; and only kekulene C4sH24 is 
not 5-gonal. 

(ii) A possible direction of research is the study of embeddable graphs C, nH,~ in a given class, e.g. 
indancenoids with p = (P5 ---- 2, Ps). Examples of synthetic indancenoids are circo.f'ulvalene (also called 
semi-buclrmln~erfullerene) C3oH12, see Fig. 12a, C30H14, C26H12. All 45 indancenoids C3oH12 are 
presented in [161. For example, all four indancenoids VlsH9 given in [4, Table 1] are embeddable in �89 
However, the  graph C14Hs given in Fig. 5b is not 5-gonal. And three of the four indancenoids C3oH12 with 
the symmetry D2h presented in the same table are not 5-gonal, including the semi-bualrmin.qterfullerene 
(see Fig. 12a, 12b, 12c/. The fourth one, shown in Fig. 12d, is embeddable in �89 Incidentally, the dual 
graph for the circofulvalene (i.e., the dual graph of the internal faces) is embeddable in �89 

a b c d 

FIG. 12. The four indancenoids C3oHz2 with the symmetry D2h 

The graphs shown in Fig. i2a  and Fig. 12b contain the forbidden isometric subgraph I~2, j .  from Fig. 5a. 
The graph shown in Fig. 12c contA.in.q the forbidden isometric subgraph I~z,z from Fig. 5b. 

(iii / A polyhedron with vertices of valency 3 having p = (Pb, P6, PT) 12 + P7 = P5 is called a fulleroid. 
Both minimal icosehedral fulleroids with 260 vertices (see [17]) are not 5-gonal. 

R e m a r k  5. A graph G embedded in the plane uniquely determines a closed domain f~(G) filled by 
the internal faces. If f~(G / is simply connected and all the internal faces are r-gons such that any two of 
them either are disjoint, or have a common edge, then the partition of ~(G) into the internal faces, which 
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we denoted II(17), is a poly-r-cycle. This means that precisely three r-gons meet at each vertex of the 
graph 17 if this vertex is an internal point of f~(17). Now we shall study examples of another kind. 

(i) There is a vertex of valency 4. Consider the following mono- q- 4-gonal partition of the plane. Attach 
to each edge of a regular q-gon an infinite chain of squares, and fill in the resulting angles with rhombi. 
The graph of this partition is embeddable in Zq/2 for q even, and in �89 for odd q. 

(ii) There are vertices of valency 4, 3, 5. Figure 13 shows an example of two embeddable infinite poly- 
4-cycles. One of them (see Fig. 13a) is not a projection of an isometric subgraph from Za, d < oo, but this 
is a zonohedral partition combinatorially equivalent to Zz. The other one (see Fig. 13b) is embeddable 
in Za only for d = co. 

1 J , / 1 /  
l J , / 1 /  

I [_ l J / y  
I l J / l /  
I 
I l_1 /y 

a 

I \ 

k 
\ 

b 

FIG. 13. Examples of unusual infinite poly-4-cycles: 
a) Z2 ; b) Zoo 

R e m a r k  6. A hexagonal torus (or a toric benzenoia~ is a normal partition of the toms into hexagons 
with the valency of each vertex equal to 3. Such tori are studied, for example, in [18]. Denote by T~ such 
a partition of the torus into i hexagons; clearly, it has 2i vertices. T/ is polygonal (i.e., each face is a 
polygon, and their union is a closed connected 2-manifold) only if i > 7. The only 7-vertex triangulation 
of the torus (the Cmisz~r toms) has the skeleton Kr and it is a minimal polyhedron of genus one in R 3 [19]. 

Examples: benzene-torus T3 = K3,3, the Heawood graph TT, the pirene-torus Ts, the coronene- 
torus T12. (Tr reali~.es the minimal 7-coloring of the torus.) All of them are not 5-gonal, however 
the cube 73 can be realized as T4. Incidentally, the edge graphs of all irreducible (in the sense of [20]) 
quadrangulations of the torus (partitions of the torus into quadrangles) are Ks,  K8 - 3K2, K4,4, K3,s, 
Ka,5 - Ps,  Ks,s - 5Kz, Kr - Cr (see [20]). The first two graphs are embeddable (as the skeletons of a4 
and /33), and others are not 5-gonal. Two of the ten irreducible quadrangulations of the Klein bottle 
(see [21]) are embeddable (to be more precise, the skeletons of Q6 and Qr coincide with the emebeddable 
graphs /33 and as with p y r a m i d s  over two faces),  and the skeletons of the other eight graphs are not 5- 
gonal. (The only irreducible quadrangulation of the sphere is C4, and the projective plane has irreducible 
quadxangulations K4 and K3,a ; only the last of them is nonembeddable.) 

R e m a r k  7. The graphs from Remark 6 (as well as the kskulene from Remark 4(i) ) provide examples 
of not simply connected poly-6-eyeles. Six not simply connected poly-6-cyeles are shown in [22, Fig. 2] as 
examples of possible carbohydrates; all of them are not 5-gonal. 

T h e o r e m  6. There are precisely 8 monohedral polypentagons. Three of them are finite: G1, G2, Gs 
(see Remark l ( i i )) ,  and the other five are infinite: the alternating zone infinite in both directions, the 
nowhere alternating zone infinite in both directions, the zone with regular interchange of alternation and 
nonalternation, two nonalternating zones glued together, and the polypentagon from Fig. 6a. 

The proof of Theorem 6 is obtained by exhausting all 1-neighborhoods and complementing them 
appropriately to monohedral polypentagons. Only in these cases are the 1-neighborhoods of each pentagon 
in the polypentagon the same. Recall that a polypentagon is called rnonohedral if its symmetry group acts 
transitively on the r-cycles. 

In conclusion, we give an example of a series of embeddable graphs with growing scale having a nonem- 
beddable limit. Take i points Aj on the axes with positive integer coordinate j ,  1 < j _< i. We take two 
neighboring points Aj-1 and Aj for a pair of antipodal vertices of the hyperoctahedron/3n~ of dimension 
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nj = 2 j and add 2 j-1 new pairs of antipodes (so that only hyperoctahedra with antipodes in adjacent 
pairs (Aj-1, Aj) and (Aj, Aj+I) intersect and have the only common vertex Aj). Together, all these hy- 
peroctahedra form the garland W~. The hyperoetahedron ~n~, corresponding to the last pair (Ai-z, A/) 
is embeddable in Zrn,, where rni = 2 ~ , with the scale Ai = 2 i-x . The whole garland Wi is embeddable in 
t h e  same la t t ice  wi th  t h e  s a m e  scale. Deno te  t h e  l imi t  of W i  as i -4  oo b y  Woo. B u t  )q -4  co as  i -4  co;  
therefore, there is no embedding of the limit garland Woo with a finite scale even in Zoo. 

This research was supported by the Russian Foundation for Basic Research under grant No.99-01-00010 
and by the Foundation for Support of Leading Scientific Schools under grant No. 00-15-960111. 
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