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Two connections between fullerene structures and alternating knots are established. Knots may appear in
two ways: fromzigzags, i.e., circuits (possibly self-intersecting) of edges running alternately left and right
at successive vertices, and fromrailroads, i.e., circuits (possibly self-intersecting) of edge-sharing hexagonal
faces, such that the shared edges occur in opposite pairs. Az-knot fullerene has only a single zigzag, doubly
covering all edges: in the range investigated (n e 74) examples are found for C34 and all Cn with n g 38,
all chiral, belonging to groupsC1, C2, C3, D3, or D5. An r-knot fullerene has a railroad corresponding to the
projection of a nontrivial knot: examples are found for C52 (trefoil), C54 (figure-of-eight or Flemish knot),
and, with isolated pentagons, at C96, C104, C108, C112, C114. Statistics on the occurrence ofz-knots and of
z-vectors of various kinds,z-uniform, z-transitive, andz-balanced, are presented for trivalent polyhedra,
general fullerenes, and isolated-pentagon fullerenes, along with examples with self-intersecting railroads
andr-knots. In a subset ofz-knot fullerenes, so-called minimal knots, the unique zigzag defines a specific
Kekuléstructure in which double bonds lie on lines of longitude and single bonds on lines of latitude of the
approximate sphere defined by the polyhedron vertices.

1. INTRODUCTION

Two structural vectors which play important roles in the
classification of polyhedra are the vertex-degree vectorV )
{V3, V4, ...} and the face-size vectorp ) {p3, p4, ...}, where
Vr andpr are the numbers of vertices of degreer and faces
of size r, respectively. Euler’s theorem gives necessary
conditions1 for realizability of a givenV, p pair (the Eberhard
problem2). Entries inV andp satisfy

Sufficient conditions are known for various classes of
polyhedra.2-4 Alternative formulations of the third require-
ment are sometimes seen.5

Some polyhedra of particular interest in carbon chemistry
are the fullerenes, Cn, which are trivalent (V3 ) n, Vr ) 0,
otherwise), have only pentagonal and hexagonal faces (p5

) 12, p6 ) n/2 - 10, pr ) 0, otherwise), and are
mathematically realizable for alln ) 20 + 2p6 with the
exception ofp6 ) 1.4 Isomeric fullerenes shareV- and
p-vectors but differ in the arrangement of their 12 pentagonal
faces. A number of fullerene polyhedra with vertex counts
in the range of 60 to∼100, all with disjoint pentagonal faces
(isolated-pentagon fullerenes, in the chemical terminology),
have been characterized as all-carbon molecular cages. When
n is of moderate size, a useful notation, taken up in IUPAC

nomenclature, is to label isomers of the Cn fullerenen:m
wherem is the place of the isomer in the lexicographical
order of spiral codes for the set of general or isolated-
pentagon fullerenes.6

The present paper is concerned with a third structural
property, thezigzagvectorz, which carries information about
the edgesof the polyhedron and makes finer distinctions
within sets of isomeric polyhedra. This vector can provide
an overwhelming amount of detail for general polyhedra,
and we intend here only to identify some basic notions and
use them as a framework for the study of the zigzag vectors
of fullerenes. In particular, we discuss two connections
betweenfullerenezigzag vectors andknots.

Knots appear for fullerenes in at least two ways. First, in
what may be considered the simplest case of zigzag structure,
when a given fullerene has only asinglezigzag circuit, the
Schlegel diagram of the fullerene yields aprojection of a
knot. It will be shown that some (minimal) knots then define
a unique Kekule´ structure (perfect matching) on the corre-
sponding fullerene, thus establishing an unexpected connec-
tion between mathematical knots and the electronic structure
of fullerenes as chemical entities.

Second, among fullerenes withmore than onezigzag
circuit, some exhibit a pairing of zigzag circuits in which
two parallel (i.e. nonintersecting, concentric) circuits of edges
bound a circuit of hexagonal faces, or“simple railroad” .
The concept can be extended to include self-intersecting
railroads. Simple and (doubly) self-intersecting railroads are
associated with projections of alternating knots defined by
the adjacencies of the hexagonal faces. Simple railroads give
a point of departure for cylindrical expansion of fullerenes
and a formal route to construction of capped nanotubes.
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We are aware of a previous connection made between
fullerenes and knots: Jablan7 gives a construction by which
a Kekulé structure on a fullerene or other trivalent graph
can be associated to a planar 4-valent graph with digons on
double bonds and hence to a projection of an alternating knot;
our method is different in that the knots arise from the
structure of the fullerene itself.

The zigzag and railroad structures, even when restricted
to the fullerene class of polyhedra, still give rise to a huge
diversity of cases, and in the present paper we make only
an initial exploration of these two limiting situations, using
computer methods to catalog some of the different possibili-
ties. Computer programs were written, in GAP8 to deal with
the identification and characterization of zigzags and related
structures in trivalent polyhedra, taking point-group sym-
metry into account. Zigzag structures were computed sys-
tematically for the trivalent polyhedra (n e 24), the general
fullerenes (n e 74), isolated-pentagon fullerenes (n e 120),
and icosahedral fullerenes (n e 2000). The required input
information for the computations is the adjacency list and
embedding of the graph on the sphere. For the trivalent
graphs, this was obtained using the plantri program,9 and
for the fullerenes it was generated from their face spirals6

and in larger cases from general expressions for the spirals
of the icosahedral fullerenes.10 Material obtained from these
computer searches is reported in tables and figures throughout
the paper, as the various concepts are introduced and
discussed.

The plan of the paper is as follows. Zigzag circuits and
the associated concept of thez-vector are introduced in
section 2. Properties of thez-vector are explored in section
3 and discussed for the set of icosahedral fullerenes in section
4. z-knot fullerenes are defined in section 5 as the fullerenes
with exactly one zigzag circuit. Symmetries ofz-knot
fullerenes are discussed in section 6, and section 7 goes on
to define the relationship between minimalz-knot fullerenes
and a specific Kekule´ structure. Section 8 defines railroads
of hexagons and shows that these too can lead to an
association with knots, giving rise to the definition ofr-knot
fullerenes. Section 9 concludes the paper with an outlook
for the wider application of zigzags to description of the
structural motifs that appear in chemistry.

2. ZIGZAG VECTORS

In this paper we consider only plane graphs, i.e., graphs
that are embedded without crossings in the plane, although
in fact the conceptual framework and many of the results
extend to graphs embedded in other orientable and non-
orientable surfaces. Thez-Vector describes the structure of
the zigzag circuits of edges of a graph embedded in a surface.
A zigzag circuit(zigzag, for short) is a cyclically ordered
set of edges in which each consecutive pair has one vertex
in common and successive edges are chosen by taking
alternately leftmost and rightmost edges emanating from the
common vertex. For a planar, three-connected graph embed-
ded on the sphere, i.e., for a polyhedron, any two, but not
any three, consecutive edges of the circuits belong to the
same face. This latter statement is taken as the defining
property of Petrie circuits by Coxeter.11 Circuits of this type
are variously calledPetrie,11 left-right,12 geodesic,4 or zigzag
circuits. Since for each edge there are two possible directions

for extension of a zigzag circuit, and since any two adjacent
edges bounding a face define a zigzag, the set of zigzag
circuits gives an exactdouble coVer of the edges: any edge
appears either twice in the same zigzag or once each in two
different zigzags.

An explicit notation for thez-vector must take into account
the possibility that a given zigzag circuit may intersect with
itself. If the circuit is equipped with an orientation, the arrows
on an edge where self-intersection (if any) takes place run
in either the opposite (type I) or the same sense (type II)
(see Figure 1(a)).4 (In Shank’s classification,12 these two
types correspond respectively to cocycle and cycle character
of left-right circuits.) The pair of numberse1, e2 that count
the edges of types I and II is thesignatureof the zigzag.
Simple (i.e. nonself-intersecting) zigzags have signature (0,
0).

Thus, thez-vector is a vector that lists, in increasing order
of length, the lengths of zigzags, with their signature
appearing as a subscript and the number of zigzags of that
length (the multiplicity) as a superscript. Simple zigzags are
listed with the (0, 0) signatures suppressed and are collected
at the beginning of the vector, separated from the self-
intersecting zigzags (if any) by a semicolon. The multiplicity
superscript is suppressed when equal to 1.

Note that a polyhedronP and its dualPf are related by
interchangingV- andp-vectors and have the same distribution

Figure 1. Self-intersection in zigzags. (a) Definition of edge types.
Arrows with solid (Z1) and empty (Z2) heads represent portions of
the same zigzag circuitZ ) Z1...Z2. If they run in opposite senses
along an edge where they intersect, that edge is of type I, if in the
same sense, the edge is of type II. (b) Relation between edge types
in dual maps.Z1, Z2, Z2...Z2 in the map (right) are converted to Z′1
and Z′2, Z′1...Z′2 in the dual (left). In the original map, the edge on
which intersection takes place is of type II, but in the dual its image
is of type I. The length ofZ1...Z2 is not changed; a zigzag vector
entry le1,e2 is replaced byle2,e1 in the dual. (c) Zigzag vectors of a
pair of dual polyhedra: the trigonal prism and the trigonal
bipyramid. Each has a single zigzag circuit, covering all edges
exactly twice. A specific orientation is indicated on the Schlegel
diagram for each polyhedron by the arrow markings. Edges marked
with an arrowhead at each end are traversed once in each direction,
those marked with a double arrowhead are traversed twice in the
same direction. Thez-vectors are, respectively, (183,6) and (186,3).
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of lengthsof zigzagsbutwith each signaturereVersed(Figure
1(b)). Figure 1(c) shows this reversal in the simple case of
the trigonal prism and its dual, the trigonal bipyramid.
Component-wise,P T Pf is therefore associated withVr T

pr and, in thez-vector,le1,e2
m T le2,e1

m . In the present case, the
trigonal prism hasz-vector (183,6) and the trigonal bipyramid
has (186,3).

As examples, thez-vectors of the tetrahedron, cube (and
octahedron), and dodecahedron (and icosahedron) are (43),
(64), and (106). All have only simple zigzags, and hence there
is no need for explicit signatures. On the other hand, any
(2k + 1)-gonal prism hasz ) ((12k + 6)2k+1,4k+2) with all
vertical edges (those that connect top and bottom (2k + 1)-
gonal faces) being of type I and all horizontal edges (those
that belong to top or bottom faces) being of type II. Among
the small fullerenes, the unique barrel-like 24-vertex and egg-

shaped 26-vertex fullerenes havez ) (12;6012,12) and z )
(123;420,9), respectively.

Table 1 lists allz-vectors for the set of fullerenes withn
e 40 vertices, obtained by explicit computation on the
adjacency information generated from their face spirals.
Symmetries, spectral data, and illustrations of the three-
dimensional forms of these fullerenes, along with lists of
the face spirals are available.6 Table 2 listsz-vectors for the
isolated-pentagon fullerenes withn e 84 vertices, including
the experimentally observed isomers of C60, C70, C76, C78,
and C84.

These simple census tables already reveal some new
information on the discriminatory power of thez-vector.
Table 1 gives some data relevant to an observation made by
Grünbaum on trivalent polyhedra. He remarks3 that it is not
known whether a knowledge of both thep-vector of face

Table 1. Zigzag Structure of the Fullerenes Cn with n e 40 Verticesa

n z-vectors

20 (106)
24 (12; 6012,12)
26 (123; 420,9)
28 (12; 320,4, 400,8) (127)
30 (102; 7015,10) (220,1, 686,18) (123; 542,13)
32 (14; 8210,24) (142; 340,4

2 ) (143; 540,12) (12, 14; 7010,14) (123; 300,3, 303,0)
(12; 8418,18)

34 (10217,34) (12, 143; 481,8) (12; 300,3, 607,9) (142; 745,20) (142; 747,18)
(300,3, 7212,12)

36 (460,7, 624,11) (16; 220,1
2 , 484,4) (12, 14; 360,4, 461,7) (12, 14; 8219,11) (12, 16; 8020,8)

(12; 300,3
2 , 360,4) (14; 9412,28) (142; 300,3, 500,9) (144; 260,1

2 ) (460,8, 624,12)
(142; 300,3, 500,9) (145; 380,4) (260,1

3 , 300,3) (144; 260,1
2 ) (122, 146)

38 (16; 9812,29) (163; 220,1
3 ) (12; 10220,25) (16; 360,4, 627,8) (11421,36)

(11429,28) (14, 16; 8411,18) (14; 260,1, 745,17) (11427,30) (11419,38)
(14; 380,4, 622,13) (16; 482,6, 501,8) (142; 869,22) (143; 260,1, 460,8) (122, 142; 621,14)
(146; 300,3) (144; 581,12)

40 (103; 9020,10) (340,2, 8618,10) (16; 10428,16) (12; 524,5, 563,8) (12; 240,1, 8415,12)
(162; 887,23) (240,1, 9612,25) (163; 220,1, 501,8) (16; 380,4, 6610,6) (16; 521,8, 524,5)
(504,4, 706,12) (16; 10420,24) (16; 380,4, 667,9) (14; 260,1, 8015,10) (16; 10422,22)
(142, 16; 7610,12) (14; 10616,30) (14; 10618,28) (144, 16; 484,4) (122; 9621,15)
(16; 380,4, 666,10) (12021,39) (380,4, 826,20) (260,1, 9410,25) (14, 16; 9014,18)
(14; 10614,32) (260,1, 9410,25) (142; 260,1, 662,15) (143; 786,18) (143; 786,18)
(142; 300,3, 622,13) (122, 16; 808,16) (122, 142; 341,2

2 ) (142, 16; 769,13) (142, 16; 768,14)
(143; 784,20) (144, 16; 482,6) (142; 460,8

2 ) (145; 500,10) (300,3
4 )

a For vertex countn, z-vectors are listed by isomer, in spiral lexicographic order.6

Table 2. Zigzag Structure of All Isolated-Pentagon Fullerenes Cn with n e 84 Verticesa

n z-vectors

60 (1810)
70 (205; 1100,25)
72 (1080,24, 10812,12)
74 (209; 420,3)
76 (20; 560,4, 1528,40) (203; 420,3

4 )
78 (182; 19839,42) (380,1, 19622,58) (202; 640,8, 1304,31) (182; 19839,42) (420,3, 640,8

3 )
80 (225; 1300,30) (222; 980,16

2 ) (20, 222; 862,13, 905,10) (203, 223; 11412,12) (420,1, 905,10, 1086,18)
(202; 905,10, 11015,10) (2012)

82 (202, 224; 1187,18) (20, 223; 16015,34) (222; 20223,58) (222; 20225,56) (420,1
2 , 16217,32)

(202; 420,1
2 , 1229,16) (420,1

3 , 12012,12) (206; 420,1
3 ) (204; 420,1

2 , 821,8)
84 (24; 720,8, 780,9

2 ) (940,15, 15812,35) (222; 460,3, 1628,41) (20; 460,3
2 , 1408,28) (20; 460,3

2 , 14012,24)
(224; 820,9

2 ) (420,1, 460,3, 820,9
2 ) (224; 420,1, 1224,21) (202, 225; 1024,12) (202, 224; 420,1, 821,8)

(202, 223; 420,1
2 , 620,4) (202, 223; 420,1

2 , 620,4) (202, 222; 420,1
4 ) (222; 420,1

3 , 820,9) (222; 420,1
3 , 820,9)

(204, 224; 420,1
2 ) (204, 224; 420,1

2 ) (202, 222; 420,1
4 ) (206, 226) (420,1

6 )
(202, 224; 620,4

2 ) (202, 222; 420,1
4 ) (420,1

6 ) (206, 226)

a For vertex countn, thez-vectors are listed for all isomers in the spiral lexicographic order.6
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sizes and thez-vector is sufficient to determine the combi-
natorial type of a trivalent polyhedron. As the table shows,
already for small fullerenes there are pairs of isomers with
equalz-vectors. Considering only lengths of zigzags, then
the C34 isomers 34:4 and 34:5, both ofC2 symmetry, each
have two simple zigzags of length 14 and one other of length
24. Isomers 36:9 (C2V symmetry) and 36:14 (D2h symmetry)
have exact coincidence ofz-vector lengths and intersection
patterns.Cs 36:8 andC2 36:11 also form such a pair. Table
2 shows that pairs with the samez-vector and intersection
signature also occur among the isolated-pentagon fullerenes.
Isomers 78:1(D3) and 78:4(D3h) is the smallest such pair; a
pair in which all zigzags are simple is 84:19(D3d)/84:24-
(D6h); a pair in which all zigzags are of the same length and
signature is 84:20(Td)/84:23(D2d). C60, C78:1, and C84:23 are
all examples where experimental fullerene isomers share their
zigzag structure with a less stable partner.

3. PROPERTIES OF ZIGZAG VECTORS

Given a trivalent polyhedron, we will call itz-uniformif
all zigzags have the same length and the same signature,
i.e., if thez-vector has only one component. In general, the
zigzags are partitioned into orbits by the action of the
symmetry group of the polyhedron, and it is clear that two
zigzags may belong to the same orbit only if they have equal
length and share the same signature. If there is onlyoneorbit
of zigzags, the polyhedron is calledz-transitiVe. Clearly,
z-transitivity impliesz-uniformity. The dodecahedron, with
its z-vector of (106) is z-uniform andz-transitive; the next
two fullerenes, those with 24 and 26 vertices, are neither
z-uniform norz-transitive; the tetrahedral isomer of the 28-
vertex fullerene hasz-vector (127), and so isz-uniform, but
cannot bez-transitive as the groupTd has no orbit of size 7
(its zigzags fall into two orbits (Figure 2)). Table 3 lists
z-uniform fullerenes withn e 60 vertices, and Table 4 lists
the z-uniform isolated-pentagon fullerenes withn e 100
vertices.

For any zigzagZ, we can define anintersectionVector
Int(Z) which lists the sizes of its intersections with itself and
with all other zigzags, with multiplicities, in increasing order
of number of common edges. This vector has first entry

e1 + e2 for the intersection of the zigzag with itself, separated
by a semicolon from a series of entriesei

ri for ri, the number
of zigzags that haveei edges in common with the subject
zigzag. The self-intersection component and its accompany-
ing semicolon is suppressed when the intersection is equal
to 0, i.e., for a simple zigzag.

A polyhedron will be calledz-balancedif all zigzags of
each given length and signature have the same intersection
vector. Again, allz-transitive polyhedra are, by definition,
z-balanced, as bothz-uniformity andz-balance are relaxations
of the notion of z-transitivity. The connection between
z-uniformity andz-balance is less clear. In one direction, it
is easy to find fullerenes that arez-balanced but not
z-uniform; in the other, so far, however, we have no examples
of fullerenes that arez-uniform but notz-balanced.

The smallest general fullerene that isnot z-balanced has
52 vertices andD2d symmetry (isomer 52:94); its zigzag
vector is (164;9212,12); not all of its four zigzags of length 16
have the same intersection vector.13 If the z-balanced
fullerene is required to have only simple zigzags, then the
smallest example is aD2d 108-vertex isomer with zigzag
vector (248, 264, 28). It is known from tests performed in
the present work on a catalog of the fullerenes with simple
zigzags15 that any z-uniform fullerene with only simple
zigzags andn e 200 vertices is alsoz-balanced.

Figure 2. The smallest fullerene that isz-uniform but not
z-transitive. Schlegel diagrams of the tetrahedral isomer (28:2) are
shown marked with nonequivalent zigzag circuits. In maximumTd
symmetry, points at which three pentagonal faces meet form the
vertices of a regular tetrahedron (filled circles); the six edge-
midpoints of this master tetrahedron are marked with open circles.
The zigzag in (a) passes through three vertices of the tetrahedron
and belongs to an orbit for four equivalent circuits; the zigzag in
(b) passes through four edge-midpoints, leaving out one antipodal
pair, and belongs to an orbit of three equivalent circuits. All seven
zigzags are simple and of length 12.

Table 3. Zigzag Uniform Fullerenes Cn for n e 60a

isomern:m group
orbit
size

z-vector
length signature

intersection
vector

20:1 Ih 6 10 0,0 0; 25

28:2 Td 4, 3 12 0,0 0; 26

40:40 Td 4 30 0,3 3; 83

44:73 T 3 44 0,4 4; 182

44:83 D2 2 66 5,10 15; 36
48:84 C2 2 72 7,9 16; 40
48:188 D3 3, 3, 3 16 0,0 0; 28

52:237 C3 3 52 2,4 6; 202

52:437 T 3 52 0,8 8; 182

56:293 C2 2 84 7,13 20; 44
56:349 C2 2 84 5,13 18; 48
56:393 C3 3 56 3,5 8; 202

60:1193 C2 2 90 7,13 20; 50
60:1197 D2 2 90 13,8 21; 48
60:1803 D3 6,3,1 18 0,0 0; 29

60:1812 Ih 10 18 0,0 0; 29

a Those with only a single zigzag (z-knot fullerenes) are not listed,
as they are triviallyz-uniform.

Table 4. Zigzag Uniform Isolated-Pentagon Fullerenes Cn for n e
100a

isomern:m group
orbit
size

z-vector
length signature

intersection
vector

80:7 Ih 12 20 0, 0 02; 210

84:20 Td 6 42 0, 1 1; 85

84:23 D2d 4,2 42 0, 1 1; 85

86:19 D3 3 86 1, 10 11; 322

88:34 T 12 22 0, 0 0; 211

92:86 T 6 46 0, 3 3; 85

94:110 C3 3 94 2, 13 15; 322

100:387 C2 2 150 13, 22 35; 80
100:432 D2 2 150 17, 16 33; 84
100:438 D2 2 150 15, 20 35; 80
100:445 D2 2 150 17, 16 33; 84

a As in Table 3, only those cases that are notz-knots are listed.
z-Uniformity implies z-transitivity when the number of orbits is one.
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We note that the intersection of two simple zigzags in a
fullerene can be arbitrarily long; it has been shown, for
example, that any even numberh can be realized as the
intersection size of two simple zigzags in a fullerene on
18h - 8 vertices (Theorem 7.113).

Further to the earlier remarks on discriminatory power, it
has been established that two isomeric fullerenes can have
the samez-vector entries. Table 3 shows that the similarity
between isomers can be even closer: notice the existence
of a C60 fullerene (60:1803) that is identical in zigzag length,
signature, and intersection with the isolated-pentagon icosa-
hedral isomer (60:1812) and differs only in its orbit
decomposition;16 the existence of this pair is a counter-
example to an implicit conjecture3 that for simple polyhedra
the p- andz-vectors together define the combinatorial type
(i.e. the isomer) and shows that resolution of isomers is not
achieved even with full intersection information.

4. ZIGZAG STRUCTURE OF ICOSAHEDRAL
FULLERENES

The mathematically simplest fullerenes are the icosahedral
family. Molecular graphs forIh and I fullerenes are all
available by the Goldberg-Coxeter construction,14,17,18 in
which two integer parameters specify a net on the triangula-
tion of the plane. The vertex counts ofI and Ih fullerenes
are

with integers 0e j e i, i > 0. The fullerene hasIh symmetry
wheneveri ) j or j ) 0 i.e., whenj(i - j) ) 0, and hasI
symmetry, otherwise.

The results onz-vectors of the icosahedral fullerenes Cn

with n < 2000 are listed in Table 5. A number of
observations can be drawn from them. First we note that it
is sufficient to study only the case where the Goldberg
parametersi andj arecoprime. This is because, by the nature

of the construction, the change fromi, j to ki, kj changes the
zigzag structure in the following way: both the length of
the zigzag and the multiplicity with which that length occurs
are scaled byk. For example, anyIh fullerene (i, 0) hasz )
((10i)6i) and anyIh fullerene (i, i) hasz ) ((18i)10i).

It is also observed that all icosahedral fullerenes are
z-uniform, but it turns out that icosahedral fullerenes are
z-transitive only for the greatest common divisork ) 1, and
2 i.e., for (i, j) and (2i, 2j). In general, if the coprime parent
(i, j) hasz ) (lt), then the derived (ki, kj) hask/2 orbits of
size 2t (whenk is even) or (k - 1)/2 orbits of size 2t and
one orbit of sizet (whenk is odd). The length of the zigzags
follows from the fact that the product of length and
multiplicity is 3n. From the computations it is observed that
t is one of 6, 10, 15 in all casessno orbits of size 60 or 120
are found. It has been proved thatt always takes one of these
three values.18 For example, the case of C80 (Ih) is (i, j) )
(2, 0), derived from (1, 0) withk ) 2. C80 (Ih) has 1 orbit of
2 × 6 ) 12 zigzags, each of length 2× 10 ) 20, having
signature (0, 0) and intersection vector (0;210, 0). In the same
way, C240 (Ih), with (i, j) ) (2, 2) derives from C60 (Ih) and
shows doubling of zigzags in both length and number. There
are various regularities in the multiplicities, signatures, and
intersection vectors which are revealed on more detailed
number-theoretic analysis.18

The icosahedral series of fullerenes admits the possibility
of isomerism in that the expression for the vertex count,n,
may admit multiple solutions (i, j) with i e j. At n ) 980,
there are two nonisomorphic icosahedral fullerenes; one is
chiral and has coprime parameters (i, j) ) (5, 3); the other
is achiral (7, 0) and hence derives from (1, 0) withk ) 7.
The chiral isomer has 10 zigzags, of length 294 and signature
(9, 0) with intersection vector (9;283, 326) (Table 5); the
achiral isomer has 42 zigzags, of length 70, and signature
(0, 0) with intersection vector (0;235, 06). At n ) 1820, there
are two nonisomorphic chiral icosahedral fullerenes, both
with coprime parameters, represented by (i, j) ) (6, 5) and
(9, 1), and as Table 5 shows, they have the same number of
zigzags (6), the same length of zigzag (910), and the same
intersection, each zigzag intersecting 154 times with the 5
others, but the two isomers are distinguished by their
signatures (e1, e2).

5. A CONNECTION OF ZIGZAG VECTORS WITH
KNOTS

Zigzags correspond tostraight-ahead(or central16) circuits
in the medial graphscircuits that leave each vertex by the
edge diametrically opposite to the one by which they entered.
Central circuits cover the edges of the medial graph exactly
once. Themedial of an embedded planar graph is a four-
valent graph, the vertices of which correspond to the edges
of the original, and whose edges connect vertices that
correspond to edges sharing a vertex and a face in the original
polyhedron; a graph and its dual have therefore the same
medial. Any four-valent plane graph can be seen as a
projection of analternating link19-21sjust take a straight-
ahead path going alternately under and over at consecutive
intersections.

As a single-component link is aknot, it is appropriate to
call those fullerenes that have only a single zigzag circuit,
and hence whose medial is a projection of an alternating

Table 5. Icosahedrally Symmetricz-Uniform Fullerene Isomers Cn
for n e 2000a

z-vector

n i, j Nz length signature intersection vector

20 1, 0 6 10 0, 0 0; 25

60 1, 1 10 18 0, 0 0; 29

140 2, 1 15 28 0, 0 0; 214

260 3, 1 10 78 0, 3 3; 89

380 3, 2 6 190 0, 15 15; 325

420 4, 1 6 210 5, 10 15; 365

620 5, 1 6 310 15, 10 25; 525

740 4, 3 6 370 0, 25 25; 645

780 5, 2 6 390 0, 25 25; 685

860 6, 1 10 258 0, 9 9; 243, 286

980 5, 3 10 294 0, 9 9; 283, 326

1140 7, 1 15 228 0, 4 4; 148, 186

1220 5, 4 15 244 0, 4 4; 144, 1810

1340 7, 2 15 268 0, 8 8; 1814

1460 8, 1 10 438 0, 18 18; 423, 466

1580 7, 3 10 474 0, 18 18; 463, 506

1820 6, 5 6 910 0, 70 70; 1545

1820 9, 1 6 910 30, 40 70; 1545

1860 7, 4 6 930 0, 70 70; 1585

1920 8, 3 6 970 10, 70 80; 1625

a Only those cases defined by coprime pairs (i, j) are listed, as the
zigzag properties of all others can be deduced from the coprime cases,
as described in the text.Nz is the number of zigzags.

n ) 20(i2 + ij + j2) (2)
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knot, z-knot fullerenes(with obvious extension to other
trivalent polyhedra). Clearly, the dual of az-knot fullerene
is itself az-knotted polyhedron, and both thez-knot fullerene
and its dual arez-uniform, z-transitive, andz-balanced.

The smallestz-knot fullerene (isomer 34:1) and another
small z-knot fullerene (40:22), the onlyz-knot fullerene on
40 vertices, are illustrated in Figure 3. Both are smallest
examples ofz-knot fullerenes with respect to minimality
properties related to Kekule´ structures derived from their
unique zigzag circuits (section 7).

In passing, it can be noted that the knots whose projections
appear forz-knot fullerenes are all nontrivial, i.e., are not
disguised presentations of the simple circuit. This observation
follows from the algorithm for reducing a presentation of
an alternating knot to a simple form: unfold every one of
the vertices that disconnect it, until we obtain a 2-connected
4-valent graph; if this 2-connected graph is not a simple
circuit, then the alternating knot is nontrivial, by application
of the Jones polynomial.7 As all fullerenes are 3-connected,
and since vertex-connectivity implies edge-connectivity, it
is impossible to reduce theirz-knots in this way, and all
fullerenez-knots are therefore nontrivial.

Tables 6-8 give the statistics ofz-knot polyhedra in small
trivalent polyhedra, general fullerenes, and isolated fullerenes.
Table 6 shows that, in the range studied, the number ofz-knot
trivalent polyhedra is increasing forn g 10, and an increasing
proportion of thez-knot polyhedra have only trivialC1

symmetry. The proportion of polyhedra that are knots starts
to decrease fromn ) 20. By n ) 24, 34% of the polyhedra
are z-knots, and 99% of thosez-knots haveC1 symmetry.
For n e 24, minimal knots are found only forn ≡ 2 (mod
4) and, though increasing in number, still account for less
than 1% of thez-knots on 22 vertices.

The tabulation ofz-knot general fullerenes (Table 7) shows
some similar patterns. In the range studied, the number of
z-knots shows an odd-even effect betweenn ≡ 0 (mod 4)
andn ≡ 2 (mod 4), each subseries increasing fromn g 40,
the number of minimal fullerenes increasing more strongly
for n ≡ 2 (mod 4). Thez-knots are predominantly ofC1

symmetry, and, in the range,z-knots ofC2 symmetry occur

only for n ≡ 2 (mod 4), where the number of edges of the
fullerene is odd, and, sincee1 is found to be odd for allz-knot
fullerenes (see (3) below), this is consistent with a structure
in which theC2 axis passes through one edge of type I and
one hexagon center.

As Table 8 shows,z-knot fullerenes account for only 19
out of a total of 2706 isolated-pentagon fullerenes withn e
100, and of these 19 only 7 are Kekule´ knots, occurring at
86, 94, and 98 vertices (Table 8).

We now make the following very general conjecture about
e1:

This conjecture is supported by extensive computations. For

Figure 3. Examples ofz-knot fullerenes. (a) The smallestz-knot
fullerene, isomer 34:1 (C2). The unique zigzag vector is (10217,34),
with self-intersections of type I on one-third of the edges of the
polyhedron (marked by thick lines in the Schlegel diagram). These
17 edges are disjoint and hence span a perfect matching (Kekule´
structure) on the fullerene. 34:1 is not only the smallestz-knot
fullerene, but the smallestminimal z-knot fullerene. Dotted curves
indicate lines of latitude of the Fo¨ppl structure29 of the vertices.
(b) A z-knot fullerene, 40:22 (C1), with z-vector (12021,39). Thick
lines mark the 21 edges of type I; dotted curves denote lines of
latitude. This is the smallestnear-Kekule´ z-knot fullerene.

Table 6. Statistics of Occurrence of Knots in Small Trivalent
Polyhedra (Equivalently, Planar Triangulations) onn Verticesa

n NP Nknot Nmin symmetries

4 1 0 0
6 1 1 1 D3h(1)
8 2 0 0
10 5 3 1 C2V(1),C3V(1),D5h(1)
12 14 4 0 C1(2),Cs(2)
14 50 22 4 C1(8),C2(3),C2V(4),Cs(6),D7h(1)
16 233 70 0 C1(53),Cs(15),C3V(2)
18 1249 482 13 C1(398),Cs(45),C2(27),C2V(10),D3h(1),

D9h(1)
20 7595 2955 0 C1(2816),Cs(138),C3(1)
22 49566 17901 168 C1(17306),Cs(366),C2(196),C3(5),

C2V(33),D11h(1)
24 339722 114642 0 C1(113604),Cs(1026),C3V(8),C3(4)

a At eachn, NP is the total number of nonisomorphic polyhedra,
Nknot is the total number of knot polyhedra, andNmin is the number that
are minimal knots (knots where every vertex is incident to exactly one
edge of type I). A breakdown of thez-knots by symmetry is given in
the final column.

Table 7. Statistics on Allz-Knot Fullerenes Cn with n e 74
Verticesa

n Nfull Nknot Nmin N(C1) N(C2) N(C3) N(D3)

34 6 1 1 0 1 0 0
36 15 0 0 0 0 0 0
38 17 4 1 1 2 0 1
40 40 1 1 1 0 0 0
42 49 6 2 2 3 0 1
44 89 9 6 9 0 0 0
46 116 15 2 6 9 0 0
48 199 23 13 23 0 0 0
50 271 30 6 21 8 0 1
52 437 42 13 42 0 0 0
54 580 93 16 69 23 0 1
56 924 87 26 87 0 0 0
58 1205 186 11 155 30 1 0
60 1812 206 63 206 0 0 0
62 2385 341 20 297 41 2 1
64 3465 437 148 436 0 1 0
66 4478 567 64 507 59 0 1
68 6332 894 203 892 0 2 0
70 8149 1048 139 967 80 1 0
72 11190 1613 255 1612 0 1 0
74 14246 1970 200 1865 104 0 1

a For each value ofn, Nknot is the total number ofz-knot fullerenes,
Nmin is the number of minimalz-knot fullerenes (where every vertex is
incident to exactly one edge of type I), andNG is the number ofz-knot
fullerenes with point group symmetryG. Note thatNknot ) 0 for all
fullerenes withn e 32. The groupD5 appears first as the point group
of a z-knot fullerene at 90 vertices.

e1 for anyz-knotted trivalent plane graph is odd (3)
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example,e1 is found to be odd for allz-knotted cubic
polyhedra (n e 24), all z-knot fullerenes Cn (n e 74), and
all isolated-pentagonz-knot fullerenes Cn (n e 120), a total
of over 140 000z-knots. The condition of trivalence is a
necessary restriction in this conjecture, as, for example, the
dual of the (2k + 1)-gonal prism hase1 ) 4k + 2, as
mentioned earlier and illustrated fork ) 1 in Figure 1(c).

6. SYMMETRIES OFZ-KNOT FULLERENES

The symmetry groups describing fullerenes are limited in
number: a fullerene may have (maximal) point group
symmetry drawn from a list of 28 possibilities:6,22 Ih, I, Th,
Td, T, D6h, D6d, D6, D5h, D5d, D5, D3h, D3d, D3, D2h, D2d, D2,
S6, S4, C3h, C2h, C3V, C3, C2V, C2, Cs, Ci, C1. Fullerenes of
low symmetry are predominant at largen, but examples for
all of the possible groups appear early in the set (I is the
last to appear, at 140 vertices). Inspection of the computa-
tional results forz-knot fullerenes in Tables 7 and 8 suggests
that the symmetries of knot fullerenes are drawn from a much
smaller list of possibilities. In a search that includes all
fullerenes withn e 100 and all isolated-pentagon fullerenes
with n e 120, only groupsC1, C2, C3, D3, and D5 are
encountered. Smallest cases for four of these groups are given
in Table 7, and the smallestD5 z-knot fullerene is 90:99130,
the uniqueD5 fullerene with 90 vertices. Trivial symmetry
appears to dominate; indeed forn ) 4m < 64, all z-knot
fullerenes haveC1 symmetry. Notably, allz-knot fullerenes
found in our study are chiral.

Symmetry can be assigned not only to the underlying
fullerene but also to the knot projection formed by its single,
self-intersecting zigzag. Mark all edges of type I with one
color, all edges of type II with another. Now, the zigzag
must transform into itself (up to reversal of all arrows) under
all symmetry operations belonging to the point group,G, of
the underlying fullerene, as otherwise it would not be unique.
Thus the set ofe1 edges of type I must comprise a whole

number of orbits ofG, as must the set ofe2 edges of type II.
Recall that, in a spherical polyhedron, the site symmetry of
an edge isC2V or one of its subgroupsC2, Cs, or C1. The
orbits that may occur in the edge sets are therefore limited
to sizes|G|/4, |G|/2, or |G|/1, though not all edge site groups
occur for every fullerene group; site groupsC2 andCs are
mutually exclusive, for example.

We now use the conjecture (3) thate1 is odd for all knot
fullerenes. Ife1 is odd, then the set of edges of type I must
be spanned by an odd number of orbits of odd size. Oddness
of e1 rules out all fullerene groups where the edge-compatible
orbits are all even. In particular, centrosymmetric groups are
not possible forz-knot fullerenes with odde1, since the
inversion operation pairs the edges of a spherical polyhedron.
Application of the orbit-parity argument to the grand list of
28 fullerene point groups reduces it to a minilist of 11
candidates forz-knot fullerene groups:

All five pure rotation groups in the minilist have been
found as point groups of somez-knot fullerene. In contrast,
the others, all groups that contain at least one mirror plane,
have not been found. It is tempting to conjecture that all
z-knot fullerenes are chiral and that the set

is the complete list of point groups available toz-knot
fullerenes. It is interesting that there is no such restriction
to chiral symmetries for more general trivalent polyhedra:
the (2k + 1)-gonal prisms haveD(2k+1)h symmetry and are
all z-knots; there are manyz-knots of Cs symmetry in the
series of bipartite trivalent polyhedra that have six square
faces and all other faces hexagonal.23

7. KNOTS AND KEKULÉ STRUCTURES

A useful though not infallible indicator of stability of aπ
framework is that the system should possess a large number
of Kekuléstructures (KS). Every fullerene has at least three24

and typically very many more; icosahedral C60 has 12 50025

KS and is surpassed in this by 20 of its fullerene isomers.26

An interesting feature of the definition of a knot-fullerene
is that, in some special cases, a particularly simple Kekule´
structure can be derived from the knot. The key to the
connection is that we will be able in these cases to associate
a formal double bond of a Kekule´ structure with each edge
of type I in thez-knot fullerene.

Consider ann-vertex trivalent plane graphG that is also
a projection of a knot, i.e., hasz-vector ((3n)e1,e2). It is easy
to see (Figure 4) that (i) every vertex is incident to an even
number of edges of type II, and (ii) every face is incident to
an even number of edges of type I.

The proof of both statements is straightforward. SinceG
is z-knotted, one can choose an orientation in which edges
of type I carry two opposite arrows and edges of type II
carry two arrows in the same direction. By a Kirchhoff-like
argument based on incoming and outgoing arrows, it can be
seen that the vertices of a knotted trivalent graph then fall
into two classes:n1 vertices belong to class 1, where all
three incident edges are of type I, andn2 ) n - n1 vertices
belong to class 2, where only one incident edge is of type I.

Table 8. Isolated-Pentagonz-Knot Fullerenes Cn with n e 100
Verticesa

n signature Kekule´?

86 43, 86 C2:2 yes
90 47, 88 C1:7 no

53, 82 C2:19 no
71, 64 C2:6 no

94 47, 94 C1:60;C2:26,C2:126 yes
65, 76 C2:121 no
69, 72 C2:7 no

96 49, 95 C1:65 near
53, 91 C1:7, C1:37,C1:63 no

98 49, 98 C2:191,C2:194,C2:196 yes
63, 84 C1:49 no
75, 72 C1:29 no
77, 70 C1:5; C2:221 no

100 51, 99 C1:371,C1:377,C3:221 near
53, 97 C1:29,C1:113,C1:236 no
55, 95 C1:165 no
57, 93 C1:21 no
61, 89 C1:225 no
65, 85 C1:31,C1:234 no

a For each vertex numbern and signature (i.e. the pair of numbers
e1, e2), thez-knot fullerenes are listed by symmetry and position in the
spiral lexicographic order.6 Kekuléz-knot fullerenes are those withe1

) n/2; near-Kekule´ are those withe1 ) n/2 + 1. No isolated-pentagon
z-knot fullerenes are found forn e 84.

D5h, D5, D3h, D3, C3h, C3V, C3, C2V, C2, Cs, C1 (4)

D5, D3, C3, C2, C1 (5)
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Thus, at each vertex, the number of incident edges of type
I is odd, and the number of incident edges of type II is even.
So, (i) is proved. Furthermore, as the dual graph has a zigzag
structure in whiche1 and e2 are exchanged, application of
the same reasoning to the vertices of the dual shows that in
a trivalent knotted graph every face contains an even number
of type I edges. So, (ii) is also proved.

An association with Kekule´ structures follows by counting
edges and vertices. We have

and

and hence

with the equality being achieved only forn1 ) 0. In other
words,e1 ) n/2 when the edges of type I are disjoint (n1 )
0) and span all vertices (n ) 2e1) and so form a perfect
matching (Kekule´ structure).G has signature ((3n)n/2,n).

We consider now more closely the case ofz-knot fullerenes
for which every vertex is incident to exactly one edge of
type I, i.e., for which the number of edges of type I is equal
to the minimaln/2. By extension, we will term such graphs
minimal z-knots. Granted the conjecture (3) one1, the number
of edges of type I of az-knotted graph is odd, and hence the
number of vertices in a minimalz-knot fullerene is doubly
odd, i.e.,n ≡ 2 (mod 4).

By (ii) above, we know that every face contains an even
number of edges of type I. As the faces of a fullerene are all
pentagons or hexagons, and as the edges of type I are disjoint,
it follows that every face of az-knot fullerene is incident to
zero or two edges of type I. In fact, since the argument
depends on the independence number of the cycle of edges
that constitute a face, it applies equally well to allz-knotted
trivalent plane graphs in which no face is of size larger than
7; in all such graphs every face is incident to 0 or 2 edges
of type I. Generalized fullerenes with face sizes 4, 5, and 6
or 5, 6, and 7 have been considered as competitive in stability
with the classical 5, 6 fullerenes in some size ranges.27,28

Furthermore, exactly two faces of the minimalz-knot
fullerene (or of thez-knotted trivalent plane graph with no
face of size larger than 7) contain no edges of type I, and all
other faces contain two edges of type I. This follows by

counting: the number of faces of a fullerene trivalent
polyhedron withn vertices isn/2 + 2, and, denoting byp0,
p2 the numbers of faces containing respectively zero and two
edges of type I

and counting edges

with unique solutionp2 ) n/2, p0 ) 2.
The two faces without edges of type I define uniquely the

set of edges of type I over the whole fullerene. (Proof: Take
one faceF0 with zero edges of type I. This face is adjacent
to a set of faces, say,F1, ...,Fp. Every pairFi, Fi+1 is incident
to one edge, sayei, that must be of type I sinceei is incident
to one vertex ofF0. The faceFi is incident to edgesei and
ei-1 and so, all other edges ofFi are of type II. By induction,
one is able to assign a type to every edge.)

An immediate consequence of the construction is that the
two empty faces of the minimal knot are antipodal, in the
sense that they span a diameter in the dual. Their centers
can be taken as poles of the (in general distorted) sphere on
which the fullerene is embedded. Making the equivalence
between type I edges with formal double bonds of a carbon
cage, it can be seen that a minimalz-knot fullerene defines
a characteristic Kekule´ structure: the North and South poles
are the centers of the two faces devoid of double bonds, the
remaining single bonds form latitudinal circuits and all
double bonds lie on lines of longitude. The lantern-like
structure with horizontal single bonds separated by vertical
double-bond struts is reminiscent of the Fo¨ppl presentation
of polyhedra:29,30 in this case the polyhedron is a stack of
circuits of vertices, without a vertex at either pole. The
fullerene 34:1 in Figure 3(a) is an example of a fullerene
polyhedron of this type.

An observation, though not a proven result, is that in all
minimal-z-knot fullerenes found so far the two faces that
are empty of type I edges are either both hexagons or both
pentagons but never a pentagon/hexagon pair.

Chemically, this special Kekule´ structure is not, of itself,
indicative of special stability, as by definition it excludes
benzenoid hexagons. Kekule´ structures of this type, i.e., with
lantern-like organization of single and double bonds, are not
limited to z-knot fullerenes; icosahedral C20 and C60 have
them, for example, without any association with knots or
zigzags.

Minimal knots, as defined above, haven/2 edges of type
I and are in complete correspondence with a Kekule´ structure
based on a decoration of the edges in a Fo¨ppl presentation.
A similar near-Kekule´ construction can be found for knots
that are near-minimal. We have so far called a trivalent graph
minimal if it is z-knotted withe1 ) n/2 andn ≡ 2 (mod 4).
z-knotted graphs withn ≡ 0 (mod 4) cannot havee1 ) n/2
but may reache1 ) n/2 + 1, which if conjecture (3) holds,
is the minimum value ofe for a graph of this vertex count.
By (3), whene1 ) n/2 + 1, n1 ) 1 and so there is exactly
one vertex from which three edges of type I emanate. Solving
(9) and (10) with 2e ) n + n1 ) n + 1 givesp0 ) 1 andp2

) n + 1, showing that exactly one face is empty of edges
of type I, and all others contain exactly two edges of type I.
The unique empty face (which may be either a hexagon or

Figure 4. Pictorial proof by a Kirchoff-like argument that every
vertex of az-knot fullerene is incident to an even number of edges
of type II, and, by duality, every face to an even number of edges
of type I.

2e1 ) 3n1 + n2 ) 2n1 + n (6)

2e2 ) 2n2 ) 2n - 2n1 (7)

e1 g n/2 (8)

n/2 + 2 ) p2 + p0 (9)

2p2 + 0p0 ) 2e1 ) n (10)
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a pentagon in different cases) and the distinguished vertex
are again antipodal, by construction.

Figure 3(b) shows an example of such a fullerene. The
edges of type I cannot in this case correspond to a perfect
matching, sincee1 * n/2. However, their distribution differs
only at one pole of the Fo¨ppl arrangement, which for these
near-Kekule´ knots has a vertex at one pole and the center of
a face at the other. Three edges of type I radiate from the
pole vertex, and the face at the antipode is empty of type-I
edges. A Kekule´ structure can be formally recovered by
imagining the pole vertex to be truncated, to give an empty
triangular face, from which double bonds radiate, and an
enlargement of the three bordering faces by one edge.

The conjecture (3) thate1 is odd for trivalent knotted
graphs implies that the equality cannot be reached whenn/2
is even. We will call az-knot trivalent graph a Kekule´ graph
if it has

and a near-Kekule´ graph if it has

8. RAILROADS AND KNOTS

A railroad in a fullerene is a circuit of hexagonal faces
(called simple if it is not self-intersecting) such that each
hexagon is adjacent to its two neighbors onoppositesides.
Simple railroads are also calledstraight zones.31 To each
railroad is associated a pair of boundary zigzags, which are
parallel (in the sense of disjoint) if the railroad is simple,
but which intersect if the railroad has self-intersection(s).
Fullerenes that have no railroads, simple or otherwise, are
calledtight, as in a sense the pentagons of the fullerene are
then pulled as tightly together as possible in such a case.13

The z-knot fullerenes are of course all tight by definition.
We conjecture on the basis of calculations on fullerenes with
n e 74 (general) andn e 120 (isolated-pentagon) that there
is at least one tight fullerene at every vertex countn g 20,
n * 22.

It is easy to check the following three statements about
railroads.

(i) Any simple zigzag circuit separates the 12 pentagons
of the fullerene into six that are “internal” and six that are
“external” to the circuit. On the spherical surface, any two
disjoint zigzags can thus be seen as concentric. This is the
simplest case of a local Euler formula that expresses the
number of pentagons enclosed by a curve in terms of the
balance of in- and out-pointing free valences of the vertices
on the curve.22 The so-called zigzag32 nanotubes consist
precisely of stacks of simple railroads, which may be topped
and tailed by two hemispherical caps. Insertion of extra,
parallel zigzags between the railroads generates an infinite
series of tubular fullerenes with the same caps.

(ii) A fullerene has a simple railroad if and only if it has
at least two disjoint simple zigzags. If there is a simple
railroad, then there are two disjoint simple zigzags, by
definition. If there are two disjoint simple zigzags, then, as
each separates the 12 pentagons into two sets of 6, a simple
railroad must exist between the two zigzags. The smallest
icosahedral fullerene with a simple railroad has 80 vertices;
this fullerene (80:7) has 6 such railroads, each of length 10,

each railroad circumscribing a motif comprising a pentagon
and its first and second neighbors, i.e., running around an
equator of the polyhedron; every pair of railroads intersects
in two hexagons; each hexagon is at the intersection of two
railroads (Figure 5).

(iii) If a fullerene has no railroads, then the number of
zigzags is at most 30, as each zigzag must be adjacent to at
least one pentagon on the right and at least one on the left,
and each such contact involves two pentagon sides. For
example, C140 hasz-vector (2815). In fact, in computations
on several hundred thousand fullerenes, we have not
encountered more than 15 zigzags in any tight fullerene, and
it seems reasonable to conjecture that 15 is the true upper
bound to the number of zigzags in such fullerenes.

To each railroad, we can associate a closed curve,
constructed, for example, by connecting the centers of
neighboring railroad hexagons through the midpoints of
opposite edges. This curve may be simple (without self-
intersection), or it may admit self-intersection. Points of
intersection can be double, where the curve passes twice
through a given hexagon, or triple, where it passes through
three times. The smallest fullerene to exhibit a simple railroad
is 30:1 (D3h) with an equatorial band of five hexagons. A
fullerene with a triple intersection is illustrated in Figure 6.
Figure 7(a) shows the smallest general fullerene (50:13) to
exhibit a double self-intersection of a railroad, and Figure
8(a) shows the smallest isolated-pentagon fullerene of this
type (96:187, obtained by application of the “quadrupling”
or “chamfering” operation33 to the unique fullerene of 24
vertices).

Railroads without triple self-intersection can be seen as
projections of alternating knots, and every fullerene with
simple or doubly intersecting railroads has therefore an
associated list of knots. This is a second context in which
knots and fullerenes appear together: we have seen that a
fullerene itself may be a zigzag knot, and now we see that
the railroads of a fullerene may yield knots. The two
situations are mutually exclusive in that the first requires
the fullerene to have only one zigzag, the second to have at
least two. Each simple railroad is just a minimal projection
of the trivial knot, but self-intersecting railroads can also

e1 ) n/2; n ≡ 2 (mod 4); n1 ) 0 (11)

e1 ) n/2 + 1; n ≡ 0 (mod 4); n1 ) 1 (12)

Figure 5. Railroad structure in icosahedral C80. A simple railroad
(dashed circle) runs through 10 hexagons around each cap of six
pentagons; each such railroad is intersected in all pairs of opposite
hexagons by railroad from the same orbit, centered on the second-
neighbor pentagons of the icosahedral arrangment. Railroads
centered on antipodal pentagons do not intersect.
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give this knot in a realization from which the crossing can
be removed by simple untwisting; if the railroad has no loops,
the projection is minimal. In fact 50:13 in Figure 7(a) shows
a nonminimal projection of the trivial knot. More interesting
are the cases in which nontrivial knots appear. We may call
a fullerene that contains a railroad corresponding to a
nontrivial knot, anr-knot fullerene.

Cases of self-intersecting railroads are listed in Table 9
for general fullerenes withn e 60 vertices and in Table 10
for isolated-pentagon fullerenes withn e 114 vertices. In
these ranges ofn, triple intersection of a railroad is not found,
and so all the tabulated fullerenes are projections of alternat-
ing knots. The tables give data on thez-vector and the knots
associated with the railroad(s). It can be seen that many are
simply disguised trivial knots, 01, but a variety of well-known
knots also appear. 52:94 and 54:119 arer-knot fullerenes.
Figure 7 shows the smallest fullerenes in which the knots
01, 31, and 41 appear as a consequence of self-intersection
of railroads. The smallest isolated-pentagon fullerenes to
yield projections of three of the more complicated knots are
shown in Figure 8.

Figure 9 shows projections of the six different knots found
in the range. 31 is the trefoil or overhand knot, and 41 is the

figure-of-eight knot, also known as the Flemish or Savoy
knot. Trefoil fullerenes with isolated pentagons are not found
in the investigated range (Table 10), but Flemishr-knot
fullerenes with isolated-pentagons do occur (114:1738 and
114:3419). Examples of isolated-pentagonr-knot fullerenes
corresponding to three more complicated knots also appear
in the tabulated range. These are all knots that have Conway
graphs21 as projections.

Figure 6. A case of a railroad with triple self-intersections.13 The
fullerene illustrated here has 176 vertices and is ofC3V symmetry.

Figure 7. General fullerenes with self-intersecting railroads.
Railroads are indicated by dashed lines on the Schlegel diagram.
(a) The smallest fullerene with self-intersection of railroads, 50:13
(C2V), has a railroad that is a nonminimal projection of the trivial
knot; (b) 52:94 (D2d) is the smallest fullerene with a self-intersecting
railroad that is a projection of a nontrivial knot (in this case the
figure-of-eight or Flemish knot). This fullerene isomer is also the
smallest example of a fullerene that is notz-balanced; (c) 54:119
(D3h) is the smallest fullerene that corresponds to a trefoil knot.

Figure 8. Isolated-pentagon fullerenes with self-intersecting
railroads (indicated by dashed lines). (a) The smallest isolated-
pentagon fullerene with self-intersection of railroads, 96:187
(D6d), has a railroad that is a projection of the Conway-graph knot
(4 × 6)*. The two polar hexagons are not involved in the railroad,
but every other hexagon is traversed twice, leading to 24 self-
intersections of the railroad. (b) 104:823 (D3h) is the smallest
isolated pentagon fullerene with a railroad that is a projection of
the knot 940 ((3 × 3) in the Conway graph notation). This fullerene
also supports three simple railroads of length 12, so that its railroad
set is a projection of a four-component link. Apart from three
equatorial hexagons, each hexagon is traversed either twice by the
knot railroad or once each by two distinct railroads. (c),(d) The
fullerene 112:3341 has railroads that correspond to projections of
two nontrivial knots: the figure-of-eight or Flemish knot (c) and
the knot 818 ≡ (2 × 4)* (d).

Table 9. Fullerenes Cn (n e 60) Having Self-Intersecting
Railroadsa

isomer group orbits z-vector knots

50:13 C2V 2,1,1 20;240,1
2 , 8214,5 01

52:94 D2d 2,2 380,3
2 , 400,4

2 41

54:13 C2 2,2,1,1 203; 240,1
2 , 542,5 01

54:119 D3h 3,2,1 163; 363,0
2 , 420,3 31

60:27 Cs 1,1,1,1 14;260,1
2 , 11418,14 01

60:34 Cs 1,1,1 260,1
2 , 12819,23z 01

60:207 Cs 1,1,1 280,1
2 , 12417,21 01

60:208 C2V 2,1,1 280,1
2 , 600,8, 648,2 01

60:1379 C2V 2,2 280,1
2 , 622,6

2 01

a For each fullerene, listed by symmetry and position in the spiral
lexicographic order,6 the zigzag vectorz is given, together with the
sizes of the orbits of zigzags and the list of railroad knots. A bold
entry in az-vector shows the origin of a significant knotted railroad.
For completeness the trivial knots arising from simple railroads (if any)
are also listed, with multiplicity, in brackets. Knots are named in the
Rolfsen notation19,21 and illustrated in Figure 9.
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The Conway graph (k × m)f is a generalization of the
antiprism with twom-gonal, 2m triangular, and (k - 2)m
quadrangular faces, constructed from a singlem-cycle by
successively inscribing a furtherk - 1 m-gons, the vertices
of each newm-gon being the edge midpoints of its predeces-
sor, finally addingm edges to link the consecutive vertices
of the original cycle. The point group of the graph (k × m)f

is Dmh for k even, andDmd for k odd, apart from the small
cases (2× 3)f and (3× 4)f where it isOh. In this notation,
(2 × 3)f is the octahedron, (3× 4)f is the cuboctahedron,
and (2× m)f is them-gonal antiprism. The three Conway
graphs relevant to Table 10 are shown in Figure 9. More
complex knots will be encountered for larger numbers of
vertices; Figure 10 shows three striking symmetrical knots
that appear among the isomers of C120, for example.

The projection of a railroad curve is itself a plane graph.
It can be shown, using arguments following from local Euler
formulas for the regions enclosed by the curve,13 i.e., the
faces of the graph, that no curve for which there would be
a face of size six or more can correspond to a railroad. It
would be interesting to know necessary and sufficient

conditions for those curves that can occur for railroads in a
fullerene.

9. CONCLUSION

Finally, it should be noted that the zigzag/railroad formal-
ism is also applicable to infinite graphs, for example, the
open nanotubes and the graphite sheet, where both zigzags
and railroads can become doubly infinite rays (which can
be seen as circuits including the point at infinity). The
graphite sheet has three parallel classes of infinite railroads,
each of them simple; accordingly it has three parallel classes
of infinite simple zigzags (Figure 11) that form a single orbit.
Graphite is therefore az-transitive graph. Nanotubes are
formally constructed by rolling up the graphite sheet, with
each tube identified by a two-parameter lattice vector, and
their zigzag structure derives from that of graphite itself. The
three types of nanotube, zigzag, armchair, and chiral,32 have
parameter signatures (n, 0), (n, n), (n, m) (n * m). Zigzag
structures of these three types are as follows: (a) For (n, 0):
two orbits of simple zigzags, one composed of finite circuits
of length 2n, the other of doubly infinite rays. The first orbit
consists of concentric circuits around the body of the tube,
the second of two parallel classes related by reflection. (b)

Table 10. Isolated-Pentagon Fullerenes Cn (n e 114) Having Self-Intersecting Railroadsa

isomer group orbits z-vector knots

96:187 D6d 2,2 242; 12012,12
2 (01); (4 × 6)*

104:823 D3h 3,3,2 246; 840,9
2 (01)3; 940 ≡ (3 × 3)*

106:624 C3V 3,1,1 500,1
3 , 840,9

2 940 ≡ (3 × 3)*
108:897 D3h 6,2 266; 840,9

2 940 ≡ (3 × 3)*
112:3341 D2 2,2,2 242; 640,4

2 , 800,8
2 41, 818 ≡ (2 × 4)*

114:9 C2V 2,2,1 400,1
2 , 862,6

2 , 903,6 01

114:1738 C1 1,1,1,1,1 500,1, 640,4
2 , 820,8, 821,7 41

114:2338 C2V 1,1,1,1 420,1, 800,8
2 , 14014,12 818 ≡ (2 × 4)*

114:3419 C2 1,1,1 640,4
2 , 21413,46 41

a Conventions as in Table 9. Where the Rolfsen notation is not available, the Conway-graph notation21 is used for the alternating knot corresponding
to the railroad. All knots are illustrated in Figure 9.

Figure 9. Knots that appear in fullerenes with self-intersecting
railroads. (a)-(c) The top row shows the three knots (including
the trivial knot 01 in a nonminimal projection) that appear for
fullerenes withn e 60 vertices: 01, 31, and 41 ) (2 × 2)*. (d)-(f)
The bottom row shows the first three Conway-graph knots that
appear for isolated-pentagon fullerenes: 818 ≡ (2 × 4)*, 940 ≡
(3 × 3)*, and (4× 6)*.

Figure 10. Three symmetric railroad knots in isolated-pentagon
isomers of C120. Self-intersecting railroads in (a) 120:10678, (b)
120:10733, and (c) 120:766.

Figure 11. The three parallel classes of zigzag in the graphite sheet.
In graphite, all are infinite and simple i.e., without self-intersection,
and fall into a single orbit. In achiral nanotubes, one of the classes
becomes an infinite set of parallel finite zigzags, the others remain
infinite; in chiral nanotubes, all three remain infinite (see text).
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For (n, n): two orbits of simple zigzags, both consisting of
doubly infinite rays, one “vertical” and one “oblique”. (c)
For (n, m), n * m: three orbits of doubly infinite rays, each
consisting of a parallel class of helically wound zigzags
wrapping around the long axis of the tube.

In all three cases, all zigzag vectors of the nanotube are
without self-intersection, and the stack within each parallel
class of zigzags corresponds to a stack of doubly infinite
railroads. Unlike graphite, the open ended infinite nanotube
is not z-transitive.

The concept of the zigzag is not limited to fullerenes and
spherical polyhedra. A similar analysis can be applied to the
zigzags of polyhex tori, carbon networks on surfaces of
higher genus such as in the plumber’s nightmare carbon
foams, and, the definition of left/right edges being local, to
analogues of fullerenes on nonorientable surfaces, such as
the Klein bottle and projective plane.34 The analysis also
extends to 3D crystals such as diamond.

Zigzag circuits andz-vectors give a different way of
looking at polyhedral and related structures, complementing
the more immediately apparent face and vertex information.
Use of the computer to explore this hidden structure reveals
a number of properties of fullerenes as a chemically
interesting subset of trivalent polyhedra. Hidden in the zigzag
structures of some fullerenes are complicated knots based
on their zigzags, and hidden in some of their knots are
specific Kekuléstructures. Pairing of nonintersecting zigzags
gives rise to hexagon-based railroad structures and the
appearance of further complex and beautiful knots. It remains
to be seen how these mathematical structures impinge on
the chemical properties of fullerene isomers, but thez-vector
already shows potential for chemical application through its
connections with both electronic and combinatorial structure.
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